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Counting

Cons-free counting

Wish:

Succ [n] = [n+ 1]
Pred [n] = [max(n− 1, 0)]

Equals [n] [m] = [True if n = m and False otherwise]

Traditional:

Succ x = S x
Pred 0 = 0

Pred (S x) = x
Add 0 y = 0

Add (S x) y = Succ (Add x y)
. . .
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Counting

Cons-free counting
Wish:
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Counting

Cons-free counting
Wish:

Seed list = [5 · (length(list) + 1)2 − 1]

Succ [n] = [min(n+ 1, 5 · (length(list) + 1)2 − 1)]
Pred [n] = [max(n− 1, 0)]

Equals [n] [m] = [True if n = m and False otherwise]

Corresponds to: |0::0::0::0::[]| ∗ (n+ 1)2 + |list | ∗ (n+ 1)1 + |list |

Idea:

Seed list = (list , 0::0::0::0::[], list , list)

Pred (list , [], [], []) = (list , [], [], [])
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Pred (list , x::xs, [], []) = (list , xs, list , list)

. . .
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Counting
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Succ [n] = [min(n+ 1, 5 · (length(list) + 1)2 − 1)]
Pred [n] = [max(n− 1, 0)]

Equals [n] [m] = [True if n = m and False otherwise]

Idea:
Seed1 list = 0::0::0::0::[]
Seed2 list = list
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Pred1 list xs ys (z::zs) = xs
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Counting

Cons-free counting

Wish:

Seed list = [25·(length(list)+1)2 ]

Succ [n] = [min(n+ 1, 25·(length(list)+1)2)]
Pred [n] = [max(n− 1, 0)]

Equals [n] [m] = [True if n = m and False otherwise]

Idea:

• a value F : list4 ⇒ bool describes a bitstring

• use bitvector arithmetic to calculate successor and predecessor
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Counting

Cons-free counting

=⇒ using variables with type order K we can count up to
expK2 (a · nb)
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CHARACTERISING
COMPLEXITY CLASSES
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Overview

1 cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

2 characterisations with first-order cons-free innermost rewriting
(the general idea)

3 characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

4 characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Parts

How to prove a characterisation?

PTIME

(confluent) cons-free
first-order ATRSs

with CBV reduction

For every decision problem X:

• if X ∈ PTIME then there is a confluent cons-free first-order
ATRS which accepts X with CBV evaluation

• if there is a (confluent or non-confluent) cons-free first-order
ATRS which accepts X using call-by-value reduction, then
X ∈ PTIME

Cons-free Rewriting 30 / 63 C. Kop 30 / 63
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Parts

How to prove a characterisation?

PTIME

(confluent) cons-free
first-order ATRSs

with CBV reduction

For every decision problem X:

• the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction
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Parts

How to prove a characterisation?

PTIME

(confluent) cons-free
first-order ATRSs

with CBV reduction

For every decision problem X:

• the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

• the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time
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accepted by a cons-free first-order ATRS⇒ in PTIME

A problem?

Perfectly allowed: F (S x)→ G (F x) (F x)

=⇒ use caching!
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accepted by a cons-free first-order ATRS⇒ in PTIME

Constructing an algorithm

Rules:

Subseq [] t → True Subseq s t → Subseq s (Tl t)
Subseq s [] → False Subseq (0::s) (0::t) → Subseq s t

Tl (x::t) → t Subseq (1::s) (1::t) → Subseq s t

Start term: Subseq (0; 0; 1; []) (0; 1; 0; 1; [])
Let B =
{0; 0; 1; [], 0; 1; [], 1; [], [], 0; 1; 0; 1; [], 1; 0; 1; [], 0, 1, True, False}
Make a list:

Subseq (0; 0; 1; []) (0; 0; 1; []) →∗ {}
Subseq (0; 0; 1; []) (0; 1; []) →∗ {}

. . .
Subseq (0; 1; []) (0; 0; 1; []) →∗ {}

. . .
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Parts

How to prove a characterisation?

PTIME

(confluent) cons-free
first-order ATRSs

with CBV reduction

For every decision problem X:

• the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction

• the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time
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In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine

Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)

Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)

Transition Main 0 = (A0, B, R)
Transition Accept x = (Accept, x, N)

. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)

. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Claim: we can simulate any PTIME Turing Machine
Example:

main

A0

A1

start

B0

B1

rejectaccept

0/B R

1/B R

B/B L

B/B L

0/B L
B/B L

1/B L
B/B L

B/B R

1/B L

0/0 L

1/1 L
B/B L

0/0 R
1/1 R

0/0 R
1/1 R

Runs in: < 2 · (n+ 1)2 steps

Transition Start 0 = (Start, 0, L)
Transition Start 1 = (Start, 1, L)
Transition Start B = (Main, B, R)
Transition Main 0 = (A0, B, R)

Transition Accept x = (Accept, x, N)
. . .

Cons-free Rewriting 35 / 63 C. Kop 35 / 63



Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

In PTIME⇒ accepted by an orthogonal cons-free first-order ATRS

Simulation: Turing Machine running in < 2 · (n+ 1)2 steps.

Transition q r = (p, w, d) for every transition q
r/w d
===⇒ p

Transition q x = (q, x, N) for q ∈ {Accept, Reject}

Representation: (l1, l2, l3) =⇒ |l1| · (n+ 1)2 + |l2| · (n+ 1) + |l3|

TransAt i [t] = Transition (State i [t]) (CurTape i [t])
State i [t] = if [t = 0] then Start

else Fst (TransAt i [t− 1])
CurTape i [t] = Tape i [t] (Pos i [t])
Tape i [t] [p] = if [t = 0] then Get [p] i B

else if [p = Pos i [t− 1]] then
Snd (TransAt i [t− 1])

else Tape i [t− 1] [p]
Pos i [t] = Poshelp (Thrd (TransAt i [t− 1])) (Pos i [t− 1])

PosHelp L [p] = [p− 1]
. . .
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Parts

How to prove a characterisation?

PTIME

(confluent) cons-free
first-order ATRSs

with CBV reduction

For every decision problem X:

• the result of any given cons-free first-order ATRS with CBV
evaluation can be found by an algorithm operating in
polynomial time

• the final state of any given Turing Machine operating in
polynomial time can be found by a confluent cons-free
first-order ATRS using CBV reduction
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HIGHER-ORDER
CHARACTERISATIONS
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Motivation Cons-free rewriting Characterisations Higher-order Characterisations Conclusion

Overview

1 cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

2 characterisations with first-order cons-free innermost rewriting
(the general idea)

3 characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

4 characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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PTIME

(non-)confluent
first-order cons-free

TRSs with
CBV reduction

EXPTIME

confluent
second-order cons-free

TRSs with
CBV reduction

EXPTIME2

confluent
third-order cons-free

TRSs with
CBV reduction

6=

6=
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In EXPTIMEK ⇒ accepted by an orthogonal cons-free (K + 1)order ATRS!

Simulation: Turing Machine running in < 2 · (n+ 1)2 steps.

Transition q r = (p, w, d) for every transition q
r/w d
===⇒ p

Transition q x = (q, x, N) for q ∈ {Accept, Reject}

Representation: (l1, l2, l3) =⇒ |l1| · (n+ 1)2 + |l2| · (n+ 1) + |l3|

TransAt i [t] = Transition (State i [t]) (CurTape i [t])
State i [t] = if [t = 0] then Start
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else if [p = Pos i [t− 1]] then
Snd (TransAt i [t− 1])

else Tape i [t− 1] [p]
Pos i [t] = Poshelp (Thrd (TransAt i [t− 1])) (Pos i [t− 1])

PosHelp L [p] = [p− 1]
. . .
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In EXPTIMEK ⇒ accepted by an orthogonal cons-free (K + 1)order ATRS!

Observation:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0, . . . , f(n)− 1

We saw before:

• represent numbers < A · (n+ 1)B by tuples (l1, . . . , lB, lB+1)

• represent numbers < 2A·(n+1)B as values in list⇒ bool

• represent numbers < 22
A·(n+1)B

as values in
(list⇒ bool)⇒ bool

• . . .

Conclusion:

EXPTIMEK
(confluent) cons-free
(K + 1)-order ATRSs
with CBV reduction
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Non-deterministic characterisations

PTIME

(non-)confluent
first-order cons-free

TRSs with
CBV reduction

EXPTIME

(non-)confluent
second-order cons-free

TRSs with
CBV reduction

EXPTIME2

(non-)confluent
third-order cons-free

TRSs with
CBV reduction

6=

6=

?

?
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Non-deterministic characterisations

PTIME

(non-)confluent
first-order cons-free

TRSs with
CBV reduction

ELEMENTARY
=⋃

K∈N EXPTIMEK

non-confluent
second-order cons-free

TRSs with
CBV reduction

6=

non-confluent
third-order cons-free

TRSs with
CBV reduction

non-confluent
fourth-order cons-free

TRSs with
CBV reduction
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Non-deterministic characterisations

Conclusion:

=⇒ Functional variables + non-determinism + CBV =

=⇒ Why?
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Non-deterministic characterisations

Key insight

• In a confluent ATRS, an element of σ ⇒ τ represents a
function from Tσ to Tτ .
Cardinality: |Tτ |Tσ

• In a non-confluent innermost ATRS, an element of σ ⇒ τ
represents a function from Tσ to P(Tτ ).
Cardinality: 2|Tτ |∗|Tσ |
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Non-deterministic characterisations

Recall:

to simulate a machine running in < f(n) steps,
we must only be able to represent numbers 0, . . . , f(n)− 1

Logical Conclusion:

if we can count up to expK2 (n) for any K
then we can simulate any TM running in time bounded by some

expK2 (n)
so we can handle all problems in ELEMENTARY

Cons-free Rewriting 48 / 63 C. Kop 48 / 63
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expK2 (n)
so we can handle all problems in ELEMENTARY
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Non-deterministic characterisations

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• value v : bool⇒ list, represents bit vector x1 . . . xn if:
• v True→∗ “i” iff xi = 1
• v False→∗ “i” iff xi = 0

For example: represent 10110101 by v : bool⇒ list with:
v True→∗ “1” v False→∗ “2”
v True→∗ “3” v False→∗ “5”
v True→∗ “4” v False→∗ “7”
v True→∗ “6”
v True→∗ “8”
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• v True→∗ “i” iff xi = 1
• v False→∗ “i” iff xi = 0

For example: represent 10110101 by v : bool⇒ list with:
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Non-deterministic characterisations

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• value v : bool⇒ list, represents bit vector x1 . . . xn if:
• v True→∗ “i” iff xi = 1
• v False→∗ “i” iff xi = 0

Set1 n f True = choose n (f True)
Set1 n f False = f False
Set0 n f True = f True
Set0 n f False = choose n (f False)

Bit vector 10110:
Set1 “1” (Set0 “2” (Set1 “3” (Set1 “4” (Set0 “5“ (Const “0”)))))
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Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• value v : bool⇒ list, represents bit vector x1 . . . xn if:
• v True→∗ “i” iff xi = 1
• v False→∗ “i” iff xi = 0

use non-determinism!

Bitset f n → if (Equal (f True) n) then True
else if (Equal (f False) n) then False
else Crash
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Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• value v : bool⇒ list, represents bit vector x1 . . . xn if:
• v True→∗ “i” iff xi = 1
• v False→∗ “i” iff xi = 0

• value v : bool⇒ (bool⇒ list), represents bit vector
x1 . . . x2n−1 if:
• v True→∗ [i] iff xi = 1
• v False→∗ [i] iff xi = 0

• value v : bool⇒ (bool⇒ (bool⇒ list)), represents bit vector
x1 . . . x22n−1−1 if:
• v True→∗ JiK iff xi = 1
• v False→∗ JiK iff xi = 0

• . . .
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Counting up to arbitrary powers

PTIME

(non-)confluent
first-order cons-free

TRSs with
CBV reduction

ELEMENTARY
=⋃

K∈N EXPTIMEK

non-confluent
second-order cons-free

TRSs with
CBV reduction

6=

non-confluent
third-order cons-free

TRSs with
CBV reduction

non-confluent
fourth-order cons-free

TRSs with
CBV reduction
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Counting up to arbitrary powers

USING ARBITRARY
EVALUATION STRATEGIES
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Counting up to arbitrary powers

Overview

1 cons-free applicative rewriting
(what is this “cons-freeness” and how do we use it?)

2 characterisations with first-order cons-free innermost rewriting
(the general idea)

3 characterisations with higher-order cons-free innermost
rewriting
(where it starts to get interesting)

4 characterisations using non-innermost cons-free rewriting
(where it really gets interesting)
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Counting up to arbitrary powers

???

first-order
cons-free

TRSs

???

second-order
cons-free

TRSs

???

third-order
cons-free

TRSs
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ETIME

first-order
cons-free

TRSs

ETIME2

second-order
cons-free

TRSs

ETIME3

third-order
cons-free

TRSs
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Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• pair of terms (s, t) represents bit vector x1 . . . xn if:
• s→∗ “i” iff xi = 1
• t→∗ “i” iff xi = 0

For example: represent 10110101 by (s, t) : list× list with:
s→∗ “1” t→∗ “2”
s→∗ “3” t→∗ “5”
s→∗ “4” t→∗ “7”
s→∗ “6”
s→∗ “8”
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Counting up to arbitrary powers

Non-deterministic Counting:

Idea:

• input list of length n, sublists represent numbers 0, . . . , n

• pair of terms (s, t) represents bit vector x1 . . . xn if:
• s→∗ “i” iff xi = 1
• t→∗ “i” iff xi = 0

For example: represent 10110101 by (s, t) : list× list with:
s→∗ 0::[] t→∗ 0::0::[]
s→∗ 0::0::0::[] t→∗ 1::0::0::0::0::[]
s→∗ 0::0::0::0::[] t→∗ 1::1::1::0::0::0::0::[]
s→∗ 1::1::0::0::0::0::[]
s→∗ 1::1::1::1::0::0::0::0::[]
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TO CONCLUDE
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Originally known:

• deterministic cons-free programs with data order K
characterise EXPTIMEK

• non-deterministic cons-free programs with data order 0
characterise EXPTIME0

What happens in term rewriting?
• proofs are robust if determinism is preserved
• without determinism: various outcomes!
• variations based on type order, reduction strategy, pairing, . . .
• original (deterministic!) hierarchy restored by other

restrictions

Why is this important?
• surprising result on the power of non-determinism
• ideas may be reusable towards finer-grained characterisations

Questions?
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• surprising result on the power of non-determinism
• ideas may be reusable towards finer-grained characterisations

Questions?
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Tail-recursive rewriting

TAIL-RECURSIVE
CONS-FREE

TERM REWRITING
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Jones ’01

PTIME

programs which are
cons-free and
data order 0

EXPTIME

programs which are
cons-free and
data order 1

EXPTIME2

programs which are
cons-free and
data order 2

6=

6=
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Considerations

What is tail-recursion?

In first-order rewriting:

• impose an ordering on the function symbols F � G
(always F � C)
• for all rules F `1 · · · `k → r:

• if r = G r1 · · · rn, then F � G
• for all other function symbol occurrences H in r: F � H

In higher-order rewriting:

• ???

• F x y → x · y – results in a function call!

• Should we count calls G x with insufficient arguments?
F(S(n))→ G F with F � G?
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